Abstract. Building on our earlier work [1], we introduce a generalized XX0 model. For a number of some specific examples, including a long-range interacting model, referred to as the Selberg model, we study correlation functions and phase structures. By using a matrix integral representation of the generalized XX0 model, as well as combinatorial and probabilistic methods, (from non-intersecting Brownian motion), closed-form formulas for the partition function and correlation functions, of the finite and infinite size generalized model and its specific examples, are obtained in terms of the Selberg integrals and Fredhom determinants. Applying asymptotic analysis of Fredholm determinants and Tracy-Widom distribution techniques, the phase structure of the model in different examples are determined. We find that tails of the Tracy-Widom distribution govern a finite/infinite third-order phase transition in short-and long-range interacting models and reproduce the Gross-Witten type phase transition of the original XX0 model. Based on our results, we conjecture universal features of the phase structure of the model. Finally, a real space renormalization group is proposed to explain the observed universality and to connect the generalized XX0 model to non-intersecting Brownian motion in a generalized potential.
INTRODUCTION
The XX0 spin chain as one of the simplest integrable and exactly solvable one-dimensional models, in the class of half-spin XYZ Heisenberg model on d-dimensional lattice, has been studied extensively [1] , [2] , [3] , [4] , [5] , [6] , [7] , [8] . Among the variety of classical, quantum and topological phase transitions that occur in XYZ models, the XX0 model does not experience those types of transitions. In contrast, because of a correspondence between the XX0 model and Non-Intersecting Brownian Motion (NIBM) [3] , this model faces a rather rare third-order phase transition [1] , [9] . In our previous study, we explored the phase structure of XX0 spin chain and despite its simplicity we found a sophisticated phase structure for this model [1] . In this study, we generalize the model, in the simplest way, to a long-range interacting model and in the light of the simplicity of the model, we conjecture universality features in the phase structure of the generalized model arising from the conjectural universality of Tracy-Widom distribution (TW) [10] , [11] , [12] .
In this work, we generalize the XX0 model into the most general extended XX0 model with Hamiltonian containing all possible short/long range interactions in the XX0 form, see Eq. 1. This can be considered as the simplest long-range interacting spin chain. Long-range interacting spin chains are interesting generalizations of the known short-range models and they are studied to some extent, for example see [13] , [14] , [15] , [16] . The XX0 model as the simplest model of spin chains provides probably the simplest framework for studying the generalization of spin chains to long-range interacting models. Thus, generalizing the obtained phase structure of XX0 model to the generalized long-range model would be of great interest. Among the important motivations for this study, we can mention the test of robustness of the phase structure of the XX0 model under the generalization. Among other motivations, one can look for exact solvability and integrable probability, meaning 1 AND A. ZAHABI 2 that there exist closed exact formulas for the partition functions and correlation functions for the generalized model. In this way, we start from an explicit example, we consider a specific long-range model called Selberg spin chain model that turns out to be exactly solvable. Using these results we elaborate on exact solvability of the generalized XX0 model and we obtain expansion formulas for the partition functions and correlation functions of the generalized model as well as its examples.
In order to study the generalized XX0 model, we extend the methods from random matrix theory and integrable probability [3] , [17] , which are introduced and adopted to XX0 model in our previous study [1] . Similar to the original model, the observables i.e. the partition function and correlation functions, of the generalized model have matrix integral representation, and the matrix integral is analytically solvable and can be expanded and expressed in terms of Selberg integrals and thus the correlation functions have closed formulas in terms of Gamma functions. Moreover, the observables of the generalized models have determinantal structure [18] , i.e. the Toeplitz Determinant (TD) and Fredholm Determinant (FD), which plays the crucial role in the integrability of the model as well as in the asymptotic analysis and exploring the phase structure of the model.
Selberg integral [19] and FD [18] representations provide new exact closed expressions for the observables of the finite and infinite size generalized model. As our first new result, by using i) expansion of the Selberg potential as power series, ii) specification of the Selberg potential to write other potentials and iii) Schur function factorization property of the Selberg integral, we show that any partition function and correlation function of infinitely large generalized model and its specific examples, including the original XX0 model, Selberg models, quadratic model, singleterm Hamiltonian model, etc. can be expressed in terms of the Selberg integrals and thus Gamma functions. Then, using the results indicating the relation between TD and FD [20] , we show that the partition function of both finite and infinite size general models have closed determinantal formulas, i.e. FD.
Beyond these formal expressions and the exact solvability of the model, FD formula via the Riemann-Hilbert problem makes the asymptotic analysis of the generalized model a feasible problem and in fact, as we explicitly see in the case of the Selberg model as well as other models, the limit of the FD with Airy kernel leads to TW. In the physics language, the asymptotic analysis is the study of the model in the thermodynamic limit, in which the phase structure of the model emerges and thus we expect that the TW determines all the information relevant to the phase structure. Applying the introduced method in [1] , we compute the free energy of the finite model in the asymptotic limit from the TW and thus extract the phase structure of the model. In the case of original XX0 model, we apply this new spirit and method from TW to reproduce the known results of Gross-Witten (GW) phase transition [21] , namely the free energy near the phase transition point. As an example of a long-range interacting model, we apply the same technique to the Selberg model and compute the free energy and find a new phase structure for this model. Similar to the original model, we obtain the third-order phase transition between finite and infinite size model with a similar domain wall of the same order. For the sake of completeness, we review the obtained results in our previous study for the original model and its weak coupling limit, and compare them with the Selberg model.
The result of such comparison leads us to the conjecture about the universality in the phase structure of the general model. In this paper, we discuss the universality in generalized XX0 model from the physical perspectives. From the physical perspective, universality is associated to the universal behavior of a class of statistical models with different microscopic interactions near the critical point of the phase transition [22] . The class of systems considered in this paper is the class of different arbitrary interactions from arbitrary short to long range interactions in the XX0 type spin chains. The conjecture of the universality in generalized XX0 model is partially based on the fact that the TW, which appears in the asymptotic limit, contains all the relevant information for the phase structure of the model. We collect our clues and observations for supporting the universality conjecture and leave the mathematical perspective and the actual proof of universality for another paper [23] .
As we will shown in this study, the free energy of the generalized XX0 spin chain and in its special cases with both short and long interactions are proportional to the logarithm of TW. This demonstrates a notion of universality in the generalized XX0 model with all types of interactions. In terms of the generalized XX0 model, this universal behavior can be formulated as appearance of phase structures with similar features for different XX0 models with different interactions. In fact, the existence of the GW type and continuous-discrete type phase transitions are independent of the form of the potential in generalized XX0 model, i.e. either a single term of the interaction with nth-neighbours in the left and right or sum of such terms. A basic heuristic reason for this universal behavior is that the system dos not have any scale at the critical point and all the scales/distances are considered on equal footing and thus short-and large-range microscopic interacting models end up with the same phase structure.
Besides other methods, we explore the idea of universality by applying a notion of the renormalization group (RG) method to our spin chain [22] . In the last section, we introduce the block spin renormalization group in the spin chain which reduces the generalized model to the original model and provides the basic intuition and initial steps for a possible systematic approach towards the proof of universality. The block spin RG is capable of making a mathematical sense out of the universality concept in this model. The RG method also provides an understanding for the relations between generalized XX0 model and NIBM in generalized potential [17] . This paper is organized as following. In chapter two, the generalized XX0 model introduced and its matrix integral and TD representations are presented. In chapter three, we compute the partition function and correlation functions of the generelized model and its examples in terms of the Selberg integrals and FD. In chapter four, we explore the phase structure of XX0 model and a new generalized XX0 long-range interacting spin chain, called Selberg model, by using TW. In chapter five, we formulate our conjecture about the universality of the phase structure in the generalized model. In chapter six, we explain a qualitative renormalization group for the generalized model. There are appendices for the mathematical details of some of the new results of this paper and reviewing the known mathematical results that are useful in this study.
GENERALIZED XX0 MODEL AND MATRIX INTEGRAL/TOEPLITZ DETERMINANT REPRESENTATION
In this part, we define generalized XX0 spin chain with interaction terms between spins separated by arbitrary distance. This generalization provides mathematical and physical frameworks to examine the ideas and techniques which are successfully used for original XX0 model. Then, the partition function and the correlation functions in generalized XX0 model are represented in terms of matrix integral and TD. These representations allow us to use the results from NIBM [17] . The relation between generalized XX0 model and NIBM is studied in chapter six.
We start with the periodic finite size one-dimensional quantum spin model with generalized Hamiltonian of the XX0 type, which includes arbitrary length interactions, where for simplicity, N+1 which is the size of chain is taken to be odd, n and m indicate the position of spins in one-dimensional lattice and we choose the middle site of the lattice to be indexed by n = 0, ∆ m is the interaction coupling between spins at n and m, and raising and lowering spin operators are defined as σ
where σ x,y,z are the Pauli matrices. This spin chain is defined and studied for the first time in [24] . The case of m=1 corresponds to the familiar XX0 Hamiltonian [25] , [1] . The Hamiltonian (1) can recognize a magnon located at any position in the ferromagnetic vacuum via interaction terms with all possible lengths in the chain. These interactions can be imagined as transmission of magnons, to a distant position according to the corresponding interaction length, and this is governed by non-intersecting random walk rules. We call this phenomena magnon tunneling and we explain these in chapter six.
In this work, we study the generalized XX0 spin with the generalized Hamiltonian and its explicit examples with zero-, short-, long-, infinite-range interactions. We continue with the observable of the model. Arbitrary time correlation function of the model including arbitrary number of magnons in arbitrary positions in the vacuum and the partition function of the model which is defined as a specific arrangement of magnons are written in Eq. 2, in below. In fact, the defined partition function plays the role of order parameter in our study and determines the phase transition in generalized XX0 model. For more explanations and justifications for the definition of the partition function see [1] .
where |⇑ = ⊗ N n=1 |↑ n denotes the ferromagnetic vacuum, t is the evolutionary parameter or time and N f is the number of magnons in the ferromagnetic vacuum.
By using the operator formalism and Bessel functions in XX0 model [3] , and in generalized XX0 model [24] , [1] , it has been shown that the correlation functions of the finite size (generalized) XX0 model can be written in the discrete matrix integral representation and also by using the Heine-Szegö identity as discrete TD on domain d = {z ∈ C : z m = 1} with size |d| = m as,
where c =
is the Schur function indexed by partition λ, with entries α i eigenvalues of orthogonal random matrix ensemble [26] , [27] , and the weight function is given by
where z = e ıα . Once we choose specific arrangement of magnons as in l.h.s of Eq. 2, by putting S λ = S µ = 1 for λ = µ = 0 in the matrix model representation of the correlation function in Eq. 3, the correlation function reduces to the partition function Z General , [1] . Furthermore, as we will see in the next section, the Schur functions factor out of the Selberg matrix integrals Eqs. 8 and 9, and similarly in the Selberg model with potential 6 and other models. Therefore, the correlation functions can be further simplified in terms of the Selberg integrals. Comparing Eq. 4 and Eq. 1, one can observe, [24] , that the symmetric interactions with right and left mth neighbours in spin chain correspond to the terms ∆ m z m and ∆ m z −m of the potential in the matrix integral representation. For the infinite spin chain (N → ∞), with an appropriate scaling, one obtains the continuous matrix integral and TD,
In this paper, we study the generalized XX0 model with Hamiltonian 1 and the corresponding matrix model with potential of the form 4. Throughout the article we provide explicit calculations and results for the generalized model as well as following special cases of the generalized model:
• Non-interacting XX0/matrix model with zero (constant) potential; ∆ m = 0.
• The Selberg matrix model defined with following potential can also be expanded, as it is obtained in Appendix. B, in form of the potential in Eq. 4 in the limit N → ∞ and with the following coupling constant,
The Selberg XX0 model is a specific generalization of the XX0 model with infinite/long-range interaction and with the specific values of the coupling which is tending to zero, ∆ m → 0 as m → ∞. However, the finite size Selberg model, or the Selberg model with finite size effects, can only make sense in the asymptotic limit with infinitely large size, since the range of interaction is infinite. The Selberg model should be thought as a model with infinitely large size which might have finite size effects in definite regions of the moduli space, as this will be explained in section 4. As we will see in section 6, there is a bijection between the generalized XX0 model and NIBM in a generalized potential, using the renormalization group. This is in fact, the generalization of the observation made by Bogoliubov [3] for the Gross-Witten matrix model and XX0 model. From mathematical perspective, the bijection follows from the TD with generalized (e.g. Selberg) potentials and the probabilities in NIBM [17] . From the physical perspective, this can be understood from an adopted version of renormalization group in spin chains.
In the following sections, based on the matrix integral representation and bijection with NIBM, we study the phase structure of the generalized XX0 model and its specific cases, by using the FD representations of the partition functions which is a suitable representation to study the asymptotic limit. Before doing the asymptotic, in the next section, first we obtain some closed form expressions, 1 AND A. ZAHABI 2 in terms of Selberg integrals and FD, for the correlation functions of the generalized model and its specific cases.
CORRELATIONS AND PARTITION FUNCTIONS; MAIN RESULTS I
After defining the model, the next natural step is to study the observables of the model, i.e. the correlation functions. Before we focus on the phase structure of the general XX0 model and the universality conjecture, by using the theory of Selberg and Mehta integrals we elaborate on the exact solvability of the model via obtaining closed formulas for correlation functions in different cases.
In the following, we present explicit calculations of the observables (partition functions and correlation function) of the generalized infinite-size XX0 model and in its limiting cases, Selberg, GrossWitten, quadratic and single-term models. First, we start with the partition functions, and by expanding the potential and finding its expansion form as a specification of the Selberg integral, we obtain explicit expressions for the partition functions. Second, using factorization property of Schur functions in the Selberg matrix integrals, we calculate the correlation functions. The large size limit (N → ∞) is implicitly assumed for all the formulas in this section.
By using the introduced necessary techniques, the Selberg integral and Schur function factorization property, see Appendix C, we will compute the partition functions and correlation functions in each case. By tuning parameters a and b, such that a = b = t, t > 0, and γ = 1 in the generalized Selberg integral 68 in Appendix C, and using the matrix integral representation of the generalized XX0 model Eq. 5, the partition function of the Selberg XX0 model, i.e. a generalized XX0 spin chain with long-range interaction given by the Selberg potential 6, can be obtained as,
In the next step, we compute the correlation functions of generalized XX0 models, using Eq. 5 and the following identities for the Schur functions in the Selbeg integral, as a special case γ = 1 of Eq. 69,
where
, and Re(a + b + 1) > 0. In the case of two Schur functions, the special case γ = 1 of Eq. 70,
can be evaluated for a + b = 0, using Theorem 5 in [28] , up to a numerical factor, as
For more convenience let us define
Similar to the partition functions, the correlation functions of the model with a given potential can be obtained from Eqs. 8 and 9 by tuning its parameters a, b. A specific case of correlation function of Selberg model with fixed left state, the same as the state in partition function, can be obtained from the Selberg integral with one Schur function, Eq. 8,
where in the third line we used the fact that the Schur function S λ is a homogeneous polynomial of degree |λ|. Thus, in the Selberg case we observe that the Schur function completely factor out from the expression and the correlation function becomes proportional to the partition function. However, this observation just belongs to this case and as we will see it is not a general fact. Based on current available techniques, the full correlation function, i.e. the Selberg integral with two Schur functions does not allow for an explicit evaluation. For computing the partition and correlation functions in the case of general model and its examples, quadratic, Gross-Witten and single-term models, we prescribe the following procedure. Let fix a and b such that the weight function in Eq. 8, e 1 2 ıθi(a−b) |1 + e ıθi | a+b , became z a where z = e ıθ . Besides, we can expand the general, quadratic, Gross-Witten and single-term potentials in terms of z a . Thus, by a simple summation over Eq. 8 we can obtain the partition and correlation functions of the general, quadratic, Gross-Witten and single-term models. In these cases, we need to manipulate Eq. 69 such that the desired potential appears in the left side of the identity. As an starting example, 1 AND A. ZAHABI we set a + b = 0 to provide a following form of potential in a typical correlation function,
Now, we make summation over z a i such that the form of quadratic potential appears. Thus, the following summation over Selberg integral gives the partition function of XX0 model with weak coupling constant and it can be expressed as,
The special correlation function of the quadratic model can be similarly computed,
Moreover, using the current techniques [28] , the full correlation function of the quadratic model can be calculated, up to a numerical factor, as
The same procedure applies for computing the matrix integral representation of the partition function and correlation functions of the Gross-Witten model. By using the expansion of the GW potential as,
, see Appendix B for the similar analysis. The partition function of the Gross-Witten XX0 model can be written in terms of the Selberg integrals as,
The special correlation function of Gross-Witten model can be computed as
Similarly, the full correlation in this model can be calculated, up to a numerical factor, as
In the first level of generalization of the Gross-Witten case, consider the interaction with the nth neighbours V = ∆ n (z n + z −n ), then the partition function can be obtained as
. Similarly for the special correlation functions we have,
For the full correlation function, up to a numerical factor, we have
Next, we obtain the partition function of the generalized XX0 spin chain from the above expression,
where the q-Pochhammer symbol and hypergeometric function are defined by (−1;
, and a(s) and l(s) are arm and leg of the square s in the partition λ. From the second to the third line, we first changed the order of the product and sum and then used the identity
and from third to the fourth line we used the Proposition (13.1.3) in [29] .
For the correlation function of the generalized model we have,
The current techniques do not allow for an explicit evaluation of the matrix integral of the generalized model with two or even one Schur function and thus we leave the evaluation of the correlation function of the generalized model as an open problem.
Fredholm determinants in generalized XX0 spin chain. In this part we explain briefly, without derivations, the integrable probability properties of the original and generalized XX0 models.
We briefly adopt the results, connecting discrete/continuous TD and FD, in the context of the generalized XX0 model. Our goal is to demonstrate the FD representation of the generalized XX0 model and integrable probability that it brings into the picture. The actual extended and full-fledged implications and applications of this method for spin chains remain for future studies. By putting together the following three results, we obtain the FD representation and thus the integrability property for the partition function of the finite size generalized XX0 model: i) (continuous/discrete) TD representation of the XX0 partition function [1] , ii) FD formula for the ratio of the discrete and continuous TD [17] and iii) FD representation of the continuous TD [20] .
FD can be considered as a complex function that generalizes the determinant of a matrix. Formally, the FD of the kernel G(i, j) (i, j ∈ Z and restricted to [n, ∞]) can be defined as
The continuous and discrete TD are defined as
where d is a finite domain with size |d| and f (z) is the weight function.
As we have observed in chapter 2, by using Heine-Szegö identity, the partition function of the generalized XX0 model has the TD representation,
In the following, we present another determinant representation for the partition function, namely the FD, which is closely related to integrable/universal properties of the model and also provides a proper tool for studying the asymptotic limit of the models. In the next step, by using BorodinOkounkov results [20] , that connects the TD to FD, we give the FD representation for the partition function of the generalized infinite model,
where f = exp (tV General ), and the integral operator G has the following kernel,
This is an explicit determinantal formula which lies behind the exact solvability and universality of the model. A natural question here is whether we have similar FD representation for the finite size generalized XX0 spin chain. The answer is positive and in order to find the FD expression, we combine a recent result [17] and product formula for FD determinants. Adopting, to our spin chain context, the FD formula appears in the ratio of discrete and continuous partition functions,
where the kernel of the integral operator K is given by
and p N f (z) and
) are orthogonal polynomial with respect to the weight function f = exp (tV General ), and the discrete function v N (z) in our domain (z N = 1) is defined by
with contours S Using the ratio result in Eq. 29, the continuous result Eq. 27, and the product formula of the FD, we obtain the FD formula for the finite size generalized XX0 model,
In order to apply the above abstract result 32, we employ the above techniques in a concrete example and show how this leads to explicit results in spin chains. As an example we consider the case of the original XX0 model. In this case, for the continuous partition function, we have [30] ,
where J i (z) is the Bessel function and the Bessel kernel is given by
For the ratio of discrete to continuous partition function, as it is obtained in Gross-Witten matrix model [17] ,
where f XX0 = exp (t(z + z −1 )), and K Ai is the Airy kernel defined by
Finally, for the discrete partition function of XX0 model using Eqs. 32, 33 and 35, we obtain,
Having obtained the partition function of the infinite generalized model from the Selberg integral Eq. 22, then using the FD formula 32, we can in principle obtain the partition function of the finite generalized model in terms of M N f . However, further explicit study of FD representation of the generalized XX0 model will be postponed to future studies. Needless to say, the FD formulas for the partition functions of the finite/infinite generalized XX0 spin chain are also valid for all special cases of the generalized model, considering appropriate potential of each case. Beside the exact closed expression for the partition function that the TD and FD provide, these results are also used in 1 AND A. ZAHABI 2 the actual computations in the asymptotic regime and extracting the phase structure [17] . In some special cases of the general potential, the limit of the FD tends to TW distribution [31] , [17] . We continue our previous study [1] and in this study we use these methods and results to extract the phase structure of the generalized XX0 model.
PHASE STRUCTURE OF GENERALIZED XX0 MODEL IN VARIOUS EXAMPLES; MAIN RESULTS II
In this section we obtain the free energies of the generalized XX0 models and its special cases, by using TW technique. Then, using explicit formulas for free energy, we explore the phase structure of the models and extract possible phase transitions. One of our goals is to use these results to uncover some universal features in the phase structures in this class of models. We study the possible phase transitions in both finite and infinite chain, with long or short range interactions, by focusing on the TW distribution as a driving force and essential element behind these transitions. The TW plays a crucial role in the universality conjecture in the next section. In the continuous chain we only observed, [1] , a GW phase transition in the original XX0 model, however, as we conjecture and check in some examples, due to the FD formula 29, all discrete chains with any type of nontrivial interactions, experience a discrete/continuous phase transition originated from the TW distribution.
Asymptotic analysis of spin chains and phase structure. As we mentioned, the importance of the FD representation is in its crucial role in the integrability and also the asymptotic analysis of spin chains. In the next step, we adopt and use the FD formulas, reviewed in previous section, to study the asymptotic limit of the partition function and calculate the free energy and thus extract the phase structure of generalized XX0 spin chains. One of our goals in this work is to propose this method as an effective way to explore the phase structure of the model which besides the new results it generates, it reproduces the known results from the standard methods of random matrix models.
From the TW perspective, we can extract the phase structure of the model by using three observations and computations. First, the partition function of the finite/infinite model expressed as a FD [20] , [17] . Second, the asymptotic result of the partition function (FD) as a TW distribution with an argument as a parameter, depending on the potential and/or the Hamiltonian of the model. The third step is to look at the asymptotic behavior of the TW distribution which is non-symmetric and it has different left and right tails, and calculate the free energy from the asymptotic behavior of the tails of the distribution. This procedure can be performed for the generalized XX0 model and its examples, and the results uncover the phase structure of the model. In fact, the asymptotics of the TW is in charge of the corrections to the asymptotic limit of the partition function and since left and right tails have different asymptotics, they lead to different corrections and thus a phase transition.
An important observable of the model, the free energy is defined via the logarithm of the partition function in the appropriate asymptotic limit,
log Z General . The free energy of the infinite-size models can be obtained from the asymptotic limit (N f → ∞) of the results for partition functions in chapter three. However, the free energy of the finite-size model, require more involved asymptotic analysis, as we will see later in this chapter. In the following, we obtain the free energy of the finite size XX0-type spin chains in the asymptotic limit and our focus is to extract the phase structure of the model from the TW distribution.
Non-interacting XX0 spin chain; ∆ m = 0. As our starting case, for the sake of completeness in our mathematical study, we consider the non-interacting spin chain. This case corresponds to ∆ m = 0 in the Hamiltonian of the spin chain and the constant weight function in the matrix integral.
The partition function and free energy of the infinite model can be obtained from the Selberg matrix integral as
where f 0 = const. = 1. From the dynamical point of view, this case is a simple case with no interaction between spins and any spin only has intrinsic quantum fluctuations in its site. The free energy of the discrete model can be obtained by the FD formula in Eq. 29 for the ratio of the discrete to continuous model's partition functions. The asymptotic analysis of the FD and the ratio follows from the asymptotic analysis of orthogonal polynomials and in this case the analysis is simple and straightforward (Corollary 1.1 and its proof in [17] ) and it implies the following result,
where c ′ = c(1 + n −1 ), c is a positive real number and we used the definition of the inverse density of magnons n
. Therefore, because of the zero interaction, the finite chain in the continuum limit always behaves like the infinite chain and as a result there is no phase transition in this case. This is the result that one would naively guess for any continuum limit of a discrete system but as we will see in the non-zero potential, the spin chain undergoes a phase transition of order n in the asymptotic limit, as nth derivative of the free energy discontinuously changes when passing the domain walls in different regions of the moduli space.
XX0 spin chain. In this part, we show how to compute the free energy of the finite and infinite XX0 model near the domain walls, from the asymptotic limit of the TW distribution function.
Infinite XX0 model. The corresponding matrix model to XX0 spin chain is the one with the GrossWitten potential [3] . To obtain the free energy of infinite XX0 chain from TW, one can use the following result which was obtained in [31] ,
and F (x) is the TW distribution function [10] . Using above Eq. 40, the free energy of infinite XX0 model can be written as
Defining dimensionless parameters τ = 
where c 1 = 4/3, c 2 = 1/12 and c 3 = 2 1 42 e (ξ * ) ′ (−1) . As we see, in the right tail x → ∞, we have 1 − τ > 0 and in the left tail x → −∞, we have 1 − τ < 0. Finally, at the leading order one can obtain
The above expression gives the free energy in the vicinity of the domain wall τ = 1. It also shows a third order phase transition in XX0 spin chain, Fig. 1(a) . Moreover, this is interesting to compare the free energy 43 with the original result obtained first from another plausible methods [21] ,
and as we expect TW free energy in Eq. 43 and its derivative up to third order coincide and agree with the Gross-Witten results in Eq. 44 in the vicinity of the domain wall τ = 1. This is another clue for our proposed conjecture in chapter 5, that the TW contains all the asymptotic information of the model near the domain walls of the phase transitions.
Finite XX0 model. Using the asymptotic analysis of FD [17] and Eq. 44, the free energy of finite XX0 model, near the domain walls are obtained in our previous study [1] , and the result is
The phase structure of finite XX0 chain is plotted in the Fig. 1(b) , and it is easy to see from Eq. 45 that the solid line is of the second order transition type and the other domain walls are of the third order transition type.
Weakly coupled XX0 model; ∆ m = cδ m,1 , c << 1. As we explained in [1] , a possible interpretation of the quadratic matrix model is the weakly coupled XX0 model. The suitable potential for this case is quadratic potential which is the leading term of Gross-Witten potential. In the matrix integral framework, this potential is corresponding to a short range interaction XX0 model with weak coupling constant. In contrast to GW model, this system, in the infinite scale, do not experience any phase transition. However, due to the FD relation for the discrete-to-continuous ratio, the free energy of finite XX0 with weak coupling constant jumps across the domain wall as, [1] ,
j=1 (log Γ(1 + j) − log Γ (2)) is the free energy of the infinite model obtained from Mehta integral [33] , and λ = N/ N f is the fixed parameter. According to the above free energy 46, the spin chain experiences a third-order discrete-to-continuous phase transition.
Selberg XX0 model. In this part we consider a new example, a model with long(infinite)-range interaction and we follow the procedure introduced in [34] to study its phase structure. Despite the infinite range of interaction, as we will show, this model undergoes a discrete-to-continuous phase transition.
As a new possible example of the potential in the generalized XX0 Hamiltonian 1, one can consider
, which can be expanded in powers of z as follows
, see Appendix B for the details of the expansion. Using the Selberg integral in Appendix. C, the free energy of infinite Selberg XX0 model is obtained in Eq. 7. Similar to the quadratic model, the infinite model does not experience any GW-type phase transition. However, using the results obtained in [17] , putting together Eqs. 60 and 61 in Appendix A, we can obtain the partition function of the finite size model from
where F (x) is the TW distribution function and c Selb = 1/2π and
. The free energy of the infinte spin chain is defined as F Selb = lim N,N f ,t→∞
log Z Selb , and by using the Selberg integral, Eq. 7,
and thus the free energy of the finite model can be obtained from the ratio formula 48 as
where . Thus, the asymptotics of TW, 1 AND A. ZAHABI
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[32] adopted for the Selberg model, in terms of n −1 and τ can be written
Finally, inserting Eq. 49 and precise version of asymptotic results for TW [32] in the case of Eq. 51, in Eq. 50, we can write the free energy of the Selberg spin chain as
where c 1 , c 2 , c 3 are defined as before. Keeping the finite leading terms in the large t, N f , N limit, we obtain the free energy of finite Selberg model as
j=1 log Γ(1 + 2t + j) + log Γ(2 + j) − 2 log Γ(1 + t + j) . The phase diagram of the Selberg model is plotted in Fig. 1(c) . Using explicit formula for the free energy, Eq. 53, in this case the domain wall between discrete and continuous phases in the phase diagram is of the third-order type similar to the original XX0 model.
The interpretation of the phase structure of the XX0 (Gross-Witten) model is extensively discussed in [1] , thus for the interpretation of the Selberg model we follow the same line of argument and we declare the phase transition, as the similar one in the original model, between the discrete (finite size) and the continuous (infinite size) models. In the first one, the boundary size effects are present due to the access of the magnons to the boundaries of the spin chain or in other words, in this case magnons have the freedom of movement of the order of size of the system. In the second case, the system size of the system is infinite compare to the board of magnons diffusion and they do not reach the boundaries.
As we conjecture in the next section, any long-range model (as well as short-range ones) including the Selberg model undergoes the third order discrete-to-continuous phase transition governed by TW. This conjecture is partially motivated by the fact that despite the obvious difference in the form of the potentials, the phase transitions of the third order occur in these models and the domain walls in Fig. 1 (b) and (c) are meaningfully similar. This observation encourages and supports the idea of the TW universality in this class of spin chains. In the following sections, we formulate the conjecture and provide some qualitative understanding and explanations on the conjecture. However, the mathematical machinery and actual proof of this general conjecture will be discussed in future work [23] .
CONJECTURES ON UNIVERSALITY IN PHASE STRUCTURE
In this part, we explore some integrability/universality aspects of the generalized XX0 model. In fact, as we observed in section 3, there are TD and FD representations for the partition function
Selberg XX0
(c) Figure 1 . Phase structure of (a) infinite XX0 model, (b) finite-size XX0 model and (c) Selberg XX0 model.
of generalized XX0 spin chain of arbitrary size and this fact leads us to integrability/universality of the model at finite size and in the infinite limit.
In this works and our previous work [1] we have explicitly studied the phase structures of two points in the space of models in the class of generalized XX0 model, namely the original XX0 model and the Selberg XX0 model. As a result, we observed that these models in asymptotic limits are governed by TW distribution and thus similar phase transitions appear in both models. Having explored the phase structure of generalized XX0 model in these two special cases, in this section by using hints and clues from the examples, qualitative reasoning and heuristic arguments, we make our conjectures for the universal features of the phase structure of the generalized XX0 model. The actual mathematical proof of the universality and more details about the complete phase structure of the infinite/finite generalized model and its interpretations will appear in a separate work [23] .
Let us start with the meaning of the universality in generalized XX0 model. By universality we imply the appearance of the similar features in the phase structures of different cases of the generalized model. For example, the existence of the phase transitions with the same orders and similar domain walls, within the examples of the generalized XX0 model which are almost independent of the form of the interaction in Hamiltonian and/or potential. In other words, a universal phase structure exists for the generalized XX0 model.
Our universality conjecture is formulated as follows. In the generalized XX0 model and its examples with any form of the potential, always there is a third-order phase transition between finiteand infinite-size (discrete/continuous) model which is governed by the TW. For the finite-length interacting generalized XX0 model model, always there is a Gross-Witten type phase transition which is either of third-order or second-order, depending on the type of the domain wall. If the GW-type transition is between two infinite models this is of third-order and if the transition is between two finite-size model, this is of second-order. In fact, since the phase transition is hidden in the mathematical structure of the TW in the asymptotic limit an this is possible to obtain the free energy of the model in the vicinity of the domain walls from the TW distribution, thus we conjecture that all the phase transitions in the model are governed by the TW distribution. The existence of the TW distribution in the asymptotic limit of the partition function is always associated to a phase transition of the second-or third-order type. For a recent similar study, see the review [35] .
We conjecture that the obtained results in chapter 4, for the specific examples of the generalized XX0 model, in terms of the FD and TD and their asymptotic limits, TW, can be generalized to any model in the class of generalized XX0 model. In fact, the TW distribution appears in the asymptotic 1 AND A. ZAHABI 2 limits of the partition function of the generalized XX0 model and its finite/infinite examples as the following formal expression,
where f is the weight function of general potential, Eq. 4, or any example in this class, and f ′ is the one for short/long, but excluding infinite range potential, and the arguments of the TW distribution, x and y have to be determined for the general model and its specific cases from the microscopic details of the system such as the exact form of the coupling constant in the Hamiltonian. The left expression in Eq. 54 determines the discrete/continuous phase transition whereas the right one determines the GW-type phase transition. In fact, the argument characterizes the domain wall in the phase diagram. The arguments can always be written in terms of the parameters of the model as
where j(τ, n −1 ) and j(τ ) are dimensionless functions and their forms depend on the model. The domain wall in each type of the phase transition is in fact the nominator of the function j. The appearance of the TW distribution in the partition function of the model and the fact that the TW distribution is asymmetric, i.e. the left and right tails are different asymptotically, always lead to the phase transitions in the generalized XX0 model.
Our heuristic argument for the universality is consist of two interconnected parts. First, it is a common understanding in critical phenomena, that for the models in a universality class, in our case the class of generalized XX0 model, the phase structure, i.e. the regions, domain walls and their orders in the phase space, is independent of the microscopic interactions and potentials. In fact, the phase transition is a global, large scale collective behavior of the system in which the microscopic details of the system are negligible and washed out [22] . Second, all the phase transitions in the generalized XX0 model are governed by the TW distribution. In RMT, the universality of the TW distribution with respect to the form of the potentials has been conjectured and it is believed that the fluctuations of the systems around their boundaries in the asymptotic limit are distributed and controlled by TW distribution [36] . The relation between universality of TW distribution and universality in critical phenomena and phase transition is heuristically discussed in the review [35] . Thus, it is natural for the generalized XX0 model, which is a matrix model, to be described in the asymptotic by the TW distribution. The precise relations between TW universality and the phase transitions in matrix models will be discussed in our future work [34] .
As we mentioned, some initial (XX0 model) and final (Selberg model) points in the space of models exhibit the similar phase structure. The fact that even with the specific coefficients (couplings) and in presence of the all the infinite interaction terms as in the case of Selberg model, we still have the TW distribution in the limit, makes us with good clues and hints to conjecture that for any couplings/coefficients in the general model, the asymptotic limit of the model and its phase structure is governed by the TW distribution. All other points in the space of models are conjectured to have similar phase structure and the actual computations and proofs will be explained in our future work [23] . Furthermore, there are strong clues for our conjecture from the similar phase structure (existence of the second-and third-order phase transitions) in the generalized matrix model and its specific cases in [37] . In the next part, using the real space renormalization group we show that any long (finite)-range model at the critical (phase transition) point can be reduced to the nearest-neighbour, original XX0 model and thus we should expect similar phase transitions for these models.
RENORMALIZATION GROUP, UNIVERSALITY AND NIBM
In this section, we introduce the probabilistic real-space renormalization group (RG) for the generalized XX0 model. This version of RG is different from the standard one and in fact is a probabilistic modification of the standard RG [22] in which the process of blocking of spins has a probabilistic nature. We have basically, two motivations for introducing this method. First, using the method of probabilistic spin blocking we can connect the generalized XX0 model with the NIBM with the generalized potential and second, spin blocking and RG let us to reduce the generalized model to the original (nearest neighbour interaction) XX0 model. However, in this paper, we focus on the qualitative picture and mathematical procedure of probabilistic real-space RG remains for future studies.
To establish the RG in generalized XX0 model we start with a single-term generalized model Eq. 56. First we define the method of coarse-graining in the RG approach. In this way we consider the blocks of m spins located along the chain next to each other and any block of spins is replaced by a single spin. In this way, we reduced the spin chain to the nearest neighbour interaction spin chain. The new produced spin chain in this procedure is exactly the same as the spin chain before the coarse-graining since the system is in its critical fixed-point and it does not have any scale at the critical point. In addition, choosing different interaction length, m, will not disturb the properties of the system at the critical point. At this point, the physical properties of the system such as the free energy and shape of the domain walls keep some universal features. From the physical point of view, a block of spins with an integer multiple of m sites are considered as a magnon tunneling, as can be seen in Fig. 3 . Furthermore, the RG acted on generalized XX0 model produces a new spin chain that behaves the same as a the original XX0 model and thus the generalized XX0 model at the critical point can be considered as a NIBM with the generalized potential. Let us first define the real-space RG blocking in our generalized XX0 model. First, we consider a single distance (term) arbitrary-range Hamiltonian 56 and then we generalize the procedure to the generalized XX0 model. Before we give this definition, we demonstrate the action of the Hamiltonian on a quantum state. Consider a Hamiltonian with a fixed interaction length m as follows
and notice that the Hamiltonian of the generalized model is written asĤ General = m H m . To shed light on the dynamics of the single-term Hamiltonian we adjust two virtual measurements according to the action of the operators on the state of magnons (Eq. 57 & Eq. 58). The action of Hamiltonian 56 on a quantum state with a single magnon, located at the site n in the vacuum, results in a superposition of two entangled states that in the measurement processes, one of them has to be picked up. In the two states, the magnon is transmitted either to the left at n − m or to the right at n + m as shown in the following, Therefore, in this type of Hamiltonian, the spins that are located on the integer multiples of m sites are interacting to each other and they do not interact to other spins in the chain. In other words, any spin located at site n in the chain have a chance to interact with spins located at sites n ± km where k is an integer. Fig. 2 exhibits an example of those spins that are located at distance km sites from n and they can interact. Thus, the RG spin blocking of Hamiltonian is blocking the spins into blocks of size m and replacing the block with the spin at m + 1 site, see Fig. 3 . Notice that the RG is acting on the infinite size spin chain at fixed point and at each step, when a magnon jumps, this procedure should be repeated. As a result, we observed that the spins that are located at integer multiples of m sites can be considered as magnons tunneling the blocks of size m and thus the magnons behave like NIBM with the corresponding potential. The RG procedure, via the magnon tunneling, enables us to observe the non-intersecting dynamics of magnons, governed by Eq. 56.
Let us continue with the general Hamiltonian 1. This Hamiltonian is a summation over all interaction lengths m from zero to infinity with the coupling ∆ m . Therefore, at any moment of time, according to the quantum mechanics, a magnon in the system choose one interaction length from 0 < m < ∞ with probability ∆ m and the system is blocked into the blocks of size m. At that moment, the system drops to a magnon tunnel transmitter, i.e. the spin cahin in which the magnon tunneling happens, with the length of interaction m. We call this method of RG blocking, the probablisitc real-space RG, see Fig. 4 .
Thus for all magnons in the system, any number of magnon tunnel transmitters with any interaction length, depending on the form of the potential, will emerge to convey the magnons along the spin chain under the NIBM rules. Thus we have seen that all types of interactions in XX0 model exhibit the behavior of NIBM and this is not surprising because all the models with various potential within the general form of Eq. 4 have been conjectured to have the TW distribution function in the asymptotic limit of their partition function as we discussed in the previous section.
At the critical point of the phase transition, which is the fixed-point of the RG, this procedure does not change the physics of the system and thus we are allowed to apply the RG blocking and study the blocked system, which is equivalent to the original system, and expect similar result to that of the original model. In other words, using the block spin RG can be justified by noticing to the fact that the generalized XX0 model at the critical/phase transition point in located on the fixed-point of the RG flow and thus the physics of the systems is invariant under the action of the RG blocking of the spin. In this sense, the generalized XX0 model at the critical point can be reduced to the original XX0 model type and in fact its critical behavior and phase structure have similarities to XX0 model.
On the other hands, we know that XX0 model with short-range interaction corresponds to the NIBM [3] . Thus, it is natural to infer from RG procedure that the XX0 model with long-range interaction behaves as NIBM. Therefore, to summarize, the RG can be seen as a procedure to map the generalized XX0 model with long-range interactions to a generalized NIBM since the dynamics n n + m n + 2m n + 3m n + 4m n + 5m of the long-range model can be mapped to short-rang system and the later is mapped to the NIBM.
[38] [3] .
CONCLUSION AND DISCUSSION
In this work we studied the phase structure of the generalized XX0 model in concrete examples, including the infinite-range interacting model, namely the Selberg model. We observed, similar to the original model, a discrete-to-continuous third-order phase transition occurs in the asymptotic limit of this model. This is expected that the similar phase transitions happen in the generalized XX0 model with any form of the potential. As we conjectured, all these phase transitions can be explained by TW and the phase structure of the generalized model contains similar phase transitions as well as new phase transitions. Obtaining the complete phase structure of the generalized model and finding the mathematical proof for the universal features of the phase structure by using the TW is the subject of our next work [23] .
In this study we have partially explored the phase structure of the generalized XX0 model, in some examples. The complete phase structure of the generalized model is a motivated natural extension of this work. From the matrix model perspective of the general model [37] , it is apparent that the phase structure of the generalized XX0 model is a rich sophisticated structure and there are other thirdand second-order phase transitions due to the competitions between different ∆ m s. Understanding and interpreting the phase structure of the generalized XX0 model using the TW technique and its comparison with the known results [37] is one of the main goals of our future studies.
From another plausible approach to the phase structure, the explicit free energy of the generalized XX0 model, and its specific cases, can be obtained by applying the standard methods of random matrix theory. In fact, case by case by inserting the (continuous and discrete) eigenvalue density ρ, 1 AND A. ZAHABI 2 which is in fact the minimizer of the following action formula, one can obtain the free energy,
In our planned studies [23] , this method will be applied to some concrete examples such as i c n δ m,n . We plan to explicitly obtain the free energy and phase structure of these models. Then, we can compare and check the results obtained from the new techniques of the TW with the results from the above standard method. In the nearest and next-to-nearest interacting XX0 model which is another special case of the generalized model, the phase structure of model is studied in details in [37] . We translate these results in spin chain language and interpret them following the introduced interpretation in [38] . These are the results for the Gross-Witten type phase transitions in the infinite generalized model.
The phase structure and universality of the generalized model is of great interest not only because of the progress it provides for understanding the universal features of the short/long range spin chain models and their phase transitions, but also for the light that it sheds on the mathematical problem of the universality in TW [36] . In our future work [23] we elaborate on the mathematical aspects of the TW universality conjecture and we propose a rigorous proof of the conjecture from the physically motivated approach, i.e. the study of the phase structure of the generalized model. In fact, it is natural to compare the universality of the TW, as a universal distribution independent of the potential in RMT, which explain the fluctuations of the matrix models around the boundaries, e.g. in NIBM and RMT, and the universality of the phase structure in a class of physical models, such as generalized XX0 spin chains. The phase transitions are resulted as the different behavior of the system and its free energy in different sides of the domain walls. In other words, the different behaviors of the system near the domain wall are resulted from the different fluctuations of the system near the boundaries which is in turn given by two tails of the TW.
One of our immediate goals for extension of this study is to apply the Riemann-Hilbert problem in the generalized XX0 model to prove the universality conjecture, rigorously. Using the well-developed techniques of asymptotic analysis of FD, the phase structure of the generalized model can be studied and the universal features can be extracted.
Another open question is to evaluate the full correlation functions of the Selberg model and the generalized model. The current techniques do not allow the actual evaluation of the Selberg integrals with two Jack/Schur polynomials and further studies in this direction is highly interesting.
Studying other models of the XYZ spin chains and their phase structures with similar methods such as determinantal and matrix integral representation is of great interest. In fact, for those models which admit these representations, it is natural to guess that the TW governs the phase transitions. This might broaden the applicability area of the universality conjecture to different models. In this section we review the known results regarding the width of the foremost walkers of NIBM in the Selberg potential and its asymptotic limits, the TW distribution obtained in [17] . These results are one of starting points in our study to compute the free energy of the Selberg model and extract the phase structure.
Consider X(t ′ ) := (X 0 (t ′ ), X 1 (t ′ ), ..., X N f −1 (t ′ )) as independent discrete-time simple symmetric random walk. The distance of these nonintersecting walkers away from origin are defined as X i (t ′ ), i = 0, ..., N f − 1 and they are subject to initial condition, X(0) := (0, 2, ..., 2N f − 2) and final condition, X(0) = X(2t), and the following condition from the nonintersecting character of the process X 0 (t ′ ) < X 1 (t ′ ) < ... < X N f −1 (t ′ ) for all t ′ = 0, 1, ..., 2t. The maximum distance between first and last walker is defined as the width W N f (2t) = max t ′ =0,1,...,2t X N f −1 (t ′ ) − X 0 (t ′ ) . It has been proved in [17] that the conditional probability on the width in the domain d s with size |d s | = N ; d s = {z ∈ C|z N = s}, can be expressed in terms of TD as,
The width of the process always satisfies 2N f ≤ W N f (2t) ≤ 2N f + 2t and for any fixed value of τ = t N f > 0, the fluctuations are given by TW as,
for each x ∈ R. This result is more general than our physical case of spin chain with parameter τ and in fact it is valid for any fixed γ = N f t β > 0 and 0 < β < 2.
Appendix B. EXPANSION OF THE SELBERG POTENTIAL
In this appendix we present the details of the expansion of the Selberg potential in the form of the general potential 4. One possible infinitely long-range potential for the generalized XX0 Hamiltonian 1 AND A. ZAHABI 
where B j = (−1)
j2 j is defined in the forth line and J j is the coefficients of the expansion to be determined in the following in this section, Eq. 66. To find the coefficients J j , one needs to evaluate a sum over binomial expansion of (z + z −1 ) j ,
It is easy to see the general pattern for the sum from an example up to some order, thus, one can recognize the following pattern for the general sum,
Therefore, we obtain the coefficient J j and the coupling ∆ m in the expansion of Selberg potential in the form of the general potential 4 as
The most general Selberg potential as it appears in the Selberg integral has the following expansion 
where Re(a + b + 1) > 0, Re(γ) > −min{1/n, Re(a + b + 1)/(n − 1)}. The Selberg integral in this form is the general formula that its specific cases will be used in the computations of the partition functions and correlation functions. 1 AND A. ZAHABI
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The Jack polynomials are a class of multivariate orthogonal polynomials denoted by J
(1/γ) λ . They are one-parameter γ generalization of the Schur polynomials [19] , i.e. J 
